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Structural relationships among Knowledge Components (KCs) are essential for adaptive learning systems, as they support ac-
curate cognitive diagnosis, personalized path planning, and targeted resource recommendation. However, existing approaches
frequently capture correlations instead of reliable directional dependency signals and tend to converge prematurely or become
inefficient as graph dimensionality grows. These limitations weaken the reliable modeling of KC-level structure, which in turn
reduces interpretability and limits downstream benefits for diagnosis, planning, and recommendation. To this end, we propose
a novel structure learning framework that integrates psychometric modeling with structural search. First, we design the Item
Response Theory (IRT)-based Information Criterion (IRIC), an interpretable scoring function that combines information
entropy with causal effect estimation grounded in IRT, jointly capturing statistical associations and directionality-sensitive
signals under latent ability control. Second, we develop Co-Evolutionary Optimization for Structural Search (CEO-SS),
a multi-population evolutionary algorithm with a game-inspired co-evolution mechanism that balances exploration and
exploitation, avoiding premature convergence and showing robust search behavior as graph dimensionality increases within
the evaluated benchmarks. Extensive experiments on three types of datasets—including benchmark causal discovery datasets,
the public educational dataset, and real-world classroom data—demonstrate that our framework consistently outperforms
strong baselines in accuracy and stability, with especially clear gains in adjacency recovery and more modest improvements
in edge-direction recovery. In addition, expert evaluation suggests that the learned structures are more diagnostically useful,
more actionable for remediation, and more pedagogically plausible than those produced by alternative scoring methods.
Overall, the proposed framework provides an interpretable and practically valuable approach to learning KC structures for
adaptive learning.

CCS Concepts: • Applied computing → Computer-assisted instruction; • Computing methodologies → Causal
reasoning and diagnostics; • Theory of computation→ Evolutionary algorithms.
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1 Introduction
Consider a student solving problems on extreme values. Although the student canmechanically apply differentiation
rules, misconceptions about the underlying function concept and domains lead to systematic errors. As illustrated in
Figure 1(c), the prerequisite chain ”Function Concept →Differentiation Rules→ Extreme Value” shows howmissing
foundations propagate to advanced tasks. An adaptive learning system that overlooks such dependencies may
misinterpret the student’s knowledge state, provide unsuitable exercises, and ultimately hinder learning progress.
This example highlights the importance of uncovering accurate relationships among Knowledge Components
(KCs)—the fundamental building blocks of adaptive learning systems. Modeling these relationships enables
precise cognitive diagnosis [31, 33, 58, 72], personalized path planning [22, 39, 73, 80], and personalized resource
recommendations [39, 77, 84], thereby supporting higher levels of personalization and long-term learning success
[66, 70].

KC relationships can take diverse forms, including causal, prerequisite, hierarchical, parallel, integrative, and
interdependent [19]. These categories are not mutually exclusive, and a single KC may interact with others
in multiple ways. Among them, causal and prerequisite links are especially critical for effective teaching and
learning [34], with prerequisite relations typically regarded as a special case of causal dependencies [51]. Current
adaptive systems often rely on expert-defined KC graphs [51], but constructing these graphs is costly and difficult
to scale [2, 81]. Data-driven methods—such as association rules [11], information-theoretic models [3, 21], and
semantic analysis of resources like MOOCs or Wikipedia [35, 43, 68]—reduce manual effort but largely capture
correlations rather than reliable directional dependency signals. This limits their ability to explain why students
succeed or fail, underscoring the need for structure discovery tailored to educational data [8].

Insights from other fields further highlight this need. In medicine, Bayesian networks have been used to identify
precursor factors driving disease progression [29, 53]. In geography, causal analysis supports disaster early-
warning by uncovering hidden precursors [32, 61]. Analogously, a student’s mastery of foundational concepts
such as functions can be seen as a precursor influencing outcomes in advanced topics such as calculus. These
examples suggest that KC structure learning in education requires methods capable of uncovering interpretable
structural patterns that approximate underlying directional dependencies. The common framework of structure
discovery is illustrated in Figure 1(a).

Despite progress in causal discovery research [20, 56, 86], applying it to education faces two acute challenges.
First, general-purpose scoring functions such as BIC [52] or BDeu [23] overlook psychometric signals embed-
ded in student responses, while black-box models such as NOTEARS [85] and DAG-GNN [79] raise concerns
about fairness, transparency, and educational ethics [71]. As a result, they often yield causal graphs that are
statistically valid but pedagogically uninformative, limiting their usefulness for teachers and learners. Second,
structural search remains notoriously difficult: exhaustive enumeration is infeasible for multi-node systems,
greedy heuristics quickly fall into local optima, and random exploration wastes computational resources [13, 16].
Existing evolutionary approaches show promise in generic optimization [37], but without mechanisms to preserve
diversity and avoid stagnation [88], they struggle to scale to the large, high-dimensional graphs characteristic of
KC networks [63]. Together, these limitations leave current methods inadequate for discovering interpretable
and practically useful dependency structures in education.

To address these gaps, we propose a domain-sensitive framework that integrates psychometric modeling
with causal discovery. We introduce the Item Response Theory-based Information Criterion (IRIC), a new
network scoring function that combines information entropy with causal effect estimation grounded in Item
ResponseTheory (IRT). By leveraging both statistical associations and latent traits inferred from student responses,
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Fig. 1. Framework of structure discovery. (a) General workflow; (b) the scoring function IRIC integrates three components—𝐿
for structural likelihood, 𝐶 for causal effect, and 𝐷 for structural complexity.

IRIC is, to the best of our knowledge, the first scoring function tailored to uncover interpretable, directionality-
sensitive dependency structures among KCs under ability adjustment. Building on IRIC, we develop the Co-
Evolutionary Optimization for Structural Search (CEO-SS), a multi-population evolutionary algorithm that
employs a game-inspired co-evolution mechanism to balance global exploration and local refinement. Unlike
existing heuristic search methods, CEO-SS explicitly prevents premature convergence by maintaining multiple
interacting subpopulations, making it particularly effective for high-dimensional KC graphs. Together, IRIC
and CEO-SS provide an interpretable and computationally practical framework for KC structure learning with
directionality-sensitive signals. An overview of our framework is illustrated in Figure 1(b).

We validate our framework on three types of datasets: (i) general-domain public datasets widely used in causal
discovery, (ii) the Junyi benchmark dataset with expert-labeled KC relationships, and (iii) a large-scale real-world
dataset collected from schools across multiple regions in China. Results demonstrate consistent and statistically
significant improvements in accuracy and stability, together with favorable search behavior under the evaluated
settings, compared with strong baselines. Expert evaluation further suggests that the structures discovered by our
framework are more diagnostically useful, more actionable for remediation, and more pedagogically plausible
than those produced by alternative scoring methods.

Our contributions are summarized as follows:

• We propose IRIC, a novel scoring function that integrates information entropy with IRT-grounded causal-
effect estimation, enabling interpretable discovery of directionally informative dependencies among
KCs.

• We introduce CEO-SS, a structural search algorithm based on a game-inspired multi-population co-
evolution mechanism, which effectively balances exploration and exploitation and supports robust search
in higher-dimensional graph-structure learning settings.

• We conduct extensive experiments on general-domain, benchmark educational, and large-scale real-
world datasets, demonstrating consistent and statistically significant improvements over existing causal
discovery methods.
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• We validate the practical value of the discovered KC structures through expert evaluation, showing that
our framework yields structures that are more useful for diagnosis, more actionable for remediation, and
more pedagogically plausible than those learned by alternative methods.

2 Related Work
Discovery of relationships among KCs: KCs are the building blocks of adaptive learning systems, and
understanding their interrelationships is crucial for tasks such as cognitive diagnosis, resource recommendation,
and learning path planning. Early studies mainly focused on identifying prerequisite relationships, which specify
sequential dependencies between concepts [34]. Data-driven strategies such as association rule mining and
test-based methods have been explored [10, 11], but they often fail to scale to large datasets or complex networks.
Information-theoretic and topic-modeling approaches [21] improve interpretability but require substantial
manual effort. More recently, deep learning methods have leveraged semantic features from Wikipedia or
MOOCs to infer prerequisite graphs [35, 43], yet these approaches suffer from limited interpretability and weak
generalization across domains. Although prerequisite relationships provide a partial view of KC dependencies,
they can be regarded as one important form of directional dependency in educational knowledge structures. For
adaptive learning systems, inferring structurally plausible and pedagogically meaningful dependencies from
student learning outcomes is more valuable, as it enables accurate identification of root causes behind students’
misconceptions and supports fine-grained personalization [8, 78]. For example, mastering addition is widely
regarded as an instructional prerequisite for multiplication; failure to grasp the former leads to difficulties with the
latter. Therefore, interpretable structure learning methods tailored to educational data is essential for constructing
more reliable knowledge structures than those derived solely from correlations or prerequisite assumptions.

Causal discovery: Causal discovery aims to recover causal structures from observational data and has become
an active research area in machine learning and related disciplines [20, 56]. Classical approaches fall into three
categories: constraint-based [25], score-based [40], and functional causal model-based methods [86]. Constraint-
based methods rely on conditional independence tests but typically require large samples [54]. Score-based
methods, such as BIC [18], BDeu [23], and MDL [28], are more suitable for smaller sample sizes common in
education and medicine. Recently, continuous optimization techniques (e.g., NOTEARS [85], DAG-GNN [79],
GAE [41]) and causal representation learning [17, 74] have further advanced structural discovery, though often at
the cost of interpretability. In parallel, evolutionary algorithms have shown promise in large-scale graph structure
search, including differential evolution (DE) [27], ant colony optimization (ACO) [60], and multi-population
co-evolution [59]. While effective for combinatorial optimization, their direct application to causal discovery
remains challenging due to biases in scoring functions and difficulties in balancing global exploration with local
exploitation. This motivates the design of domain-specific scoring criteria and tailored search frameworks to
achieve both accuracy and interpretability in causal network learning.
Causal inference: Causal inference complements causal discovery by estimating causal effects through

interventions or counterfactual reasoning [47]. Classical approaches include propensity score matching [48],
difference-in-differences [1], instrumental variables [67], and the do-calculus [44, 46]. Recent extensions such as
synthetic DID [4] enhance robustness when randomized experiments are infeasible. In the education domain,
these methods provide useful tools for estimating the effect of instructional interventions or curriculum changes.
However, they are less suited for discovering latent causal structures among KCs directly from student response
data. This gap highlights the need for approaches that integrate psychometric modeling—such as IRT—with causal
discovery, enabling interpretable and domain-specific structure learning tailored for adaptive learning systems.
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3 Methodology

3.1 Network Structure Scoring Function via IRT
Causal dependencies among KCs are often more complex and fine-grained than simple statistical correlations.
In mathematics learning, for example, mastery of addition typically serves as a prerequisite for understanding
multiplication, reflecting a dependency with clear directionality. However, conventional information-theoretic
scoring criteria primarily characterize undirected associations between variables and therefore struggle to
distinguish such cause-effect relationships. To address this limitation, we propose IRIC, which unifies structural
likelihood, causal effect estimation, and structural parsimony within a single scoring function:

score𝐼𝑅𝐼𝐶(𝒢 ∶ 𝒟) = ℓ( ̂𝜃𝒢 ∶ 𝒟) + ATE(edge𝒢) −
log𝑁
2

𝐷𝑖𝑚[𝒢], (1)

where 𝒢 denotes a candidate graph, 𝒟 the dataset, 𝑁 the sample size, and 𝐷𝑖𝑚[𝒢] the number of free parameters
implied by the structure 𝒢, used to characterize model complexity.

Structural likelihood term. The first component aggregates local conditional likelihoods:

ℓ( ̂𝜃𝒢 ∶ 𝒟) =
𝑛
∑
𝑖=1

[ ∑
𝑢𝑖∈𝑉𝑎𝑙(𝑃𝑎

𝒢
𝑋𝑖
)

∑
𝑥𝑖

𝑀[𝑥𝑖, 𝑢𝑖] log ̂𝜃𝑥𝑖|𝑢𝑖]. (2)

In Eq.2, 𝑛 represents the total number of nodes in the graph, 𝑃𝑎 denotes the set of parent nodes, 𝑢𝑖 represents a
specific parent node, 𝑥𝑖 represents the current node, 𝑀[⋅] stands for the count of occurrences where 𝑥𝑖 and 𝑢𝑖
appear together, and 𝜃 is the maximum likelihood estimate of 𝑃(𝑥𝑖|𝑢𝑖) when the current node is 𝑥𝑖 and the parent
node is 𝑢𝑖.

Now, considering only one term within the summation brackets, let 𝑈𝑖 = 𝑃𝑎𝑋𝑖
:

∑
𝑢𝑖∈𝑉𝑎𝑙(𝑃𝑎

𝒢
𝑋𝑖)

∑
𝑥𝑖

𝑀[𝑥𝑖, 𝑢𝑖] log ̂𝜃𝑥𝑖|𝑢𝑖 →
1
𝑁
∑
𝑢𝑖

∑
𝑥𝑖

𝑀[𝑥𝑖, 𝑢𝑖] log ̂𝜃𝑥𝑖|𝑢𝑖 . (3)

Let ̂𝑃 be the empirical distribution induced by the dataset𝒟, with ̂𝑃 (𝑥, 𝑦) denoting the empirical joint probability
of 𝑥 and 𝑦. It follows that 𝑀[𝑥, 𝑦] = 𝑁 ̂𝑃(𝑥, 𝑦), 𝑀[𝑦] = 𝑁 ̂𝑃(𝑦), and the maximum likelihood estimator satisfies
̂𝜃𝑥𝑖∣𝑢𝑖 =

̂𝑃(𝑥𝑖 ∣ 𝑢𝑖), yielding:

1
𝑁
∑
𝑢𝑖

∑
𝑥𝑖

𝑀[𝑥𝑖, 𝑢𝑖] log ̂𝜃𝑥𝑖|𝑢𝑖 = 𝐼 ̂𝑃(𝑋𝑖; 𝑃𝑎𝑋𝑖
) − 𝐻 ̂𝑃(𝑋𝑖), (4)

where 𝐼 ̂𝑃(𝑋𝑖; 𝑃𝑎𝑋𝑖
) denotes the mutual information between 𝑋𝑖 and its parent set 𝑃𝑎𝑋𝑖

under the distribution ̂𝑃,
and 𝐻 ̂𝑃(𝑋𝑖) denotes the Shannon entropy of 𝑋𝑖 under ̂𝑃.
Causal-effect term. To capture directionality, IRIC adds the average treatment effect (ATE) between each

node and its parents:

ATE(edge𝒢) = 𝑁
𝑛
∑
𝑖=1

ATE(𝑋𝑖; 𝑃𝑎𝑋𝑖
). (5)

To identify ATE(𝑋 ; 𝑃𝑎𝑋) from observed learning logs, we adopt a back-door adjustment formulation. Its validity
relies on the following standard causal assumptions [24, 45]: (1) Consistency / Stable Unit Treatment Value
Assumption (SUTVA), namely that the observed outcome equals the corresponding potential outcome under the
realized values of the parent KCs; (2) Positivity, meaning that, conditional on the adjustment variables, different
values of the parent KCs have sufficient support in the observed logs; and (3) Conditional exchangeability, such
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that, given the adjustment set 𝑍, the parent KC values 𝑃𝑎𝑋 are approximately conditionally independent of the
potential outcomes 𝑌𝑋(𝑝𝑎).

Under these assumptions, let 𝑍 be an adjustment set satisfying the back-door criterion: 𝑍 contains no descen-
dants of 𝑃𝑎𝑋 and blocks all back-door paths from 𝑃𝑎𝑋 to 𝑋. Then,

𝔼[𝑌𝑋 ∣ 𝑑𝑜(𝑃𝑎𝑋=𝑝𝑎)] = ∑
𝑧
𝔼[𝑌𝑋 ∣ 𝑃𝑎𝑋=𝑝𝑎, 𝑍=𝑧] 𝑃(𝑍=𝑧), (6)

and ATE(𝑋 ; 𝑃𝑎𝑋) is obtained from contrasts across 𝑝𝑎 values.
It is worth noting that during structural search, the candidate graph 𝐺 evolves continuously. Strictly following

the definition, reconstructing and validating an adjustment set 𝑍(𝐺) that satisfies the back-door criterion for
every candidate graph would incur substantial computational overhead. Moreover, under a purely observational
learning-log setting, it is difficult to empirically verify whether all back-door paths are fully blocked. Leveraging
prior knowledge from educational measurement, we attribute the primary source of cross—KC confounding to
stable individual differences among learners, and characterize this variability using latent ability parameters
estimated via Item Response Theory (IRT). Accordingly, throughout the structural search process we adopt a
fixed adjustment variable 𝑍 ≜ ̂𝜗—namely, the IRT-estimated ability ̂𝜗—as the primary back-door variable. This
choice controls for confounding effects arising from learners’ abilities simultaneously influencing performance
across multiple KCs.

Under this setting, 𝑍 remains invariant across candidate graphs 𝐺, thereby avoiding the complexity of repeatedly
constructing graph-specific adjustment sets 𝑍(𝐺). Consequently, the ATE term should be interpreted as a
directionality-sensitive effect measure under ability adjustment, serving as a directional regularization signal for
structure search rather than as a definitive proof of true pedagogical causal prerequisite relations.

IRT-driven expectation. Applying the do-calculus in Eq. (6) requires estimating the conditional expectation
𝔼[𝑌𝑋 ∣ 𝑃𝑎𝑋, 𝑍 ] needed for back-door adjustment, where 𝑌𝑋 denotes the learning performance variable associated
with KC 𝑋. It is important to note that 𝑌𝑋 is not directly observable; instead, it is indirectly manifested through
students’ responses to individual items. Consequently, a probabilistic modeling approach is required to map
item-level response outcomes to KC-level performance.

To this end, we adopt IRT as a measurement model to characterize the relationship between students’ latent
abilities and their probabilities of correctly answering items. Specifically, we employ the two-parameter logistic
(2PL) IRT model, which jointly captures individual differences in latent ability as well as item discrimination and
difficulty. For a student with latent ability 𝜗, the probability of correctly answering an item associated with KC 𝑋
is given by:

𝑌̂ = estimate(𝑌 = 1 ∣ 𝜗 , 𝑎, 𝑏) =
𝑒𝐷𝑎(𝜗−𝑏)

1 + 𝑒𝐷𝑎(𝜗−𝑏)
, (7)

where 𝑎 and 𝑏 denote the item discrimination and difficulty parameters, respectively, and 𝐷 = 1.702 is an
empirically validated scaling constant that allows the logistic function to better approximate the normal ogive
model [7]. Both the latent ability 𝜗 and the item parameters (𝑎, 𝑏) can be estimated from student response data
via the EM algorithm [69].

To align the item-level predicted probabilities produced by IRT with the KC-level variable 𝑌𝑋 in Eq. (6), we
interpret 𝑌𝑋 as the expected correctness rate over a set of items associated with KC 𝑋. Accordingly, given parent
KC values 𝑃𝑎𝑋 and the back-door variable 𝑍, the conditional expectation 𝔼[𝑌𝑋 ∣ 𝑃𝑎𝑋, 𝑍 ] can be approximated by
aggregating the item-level predicted probabilities 𝑌̂ obtained from IRT. In this sense, IRT is not treated as a causal
generative model, but rather as a probabilistic measurement and denoising tool. By controlling for students’
latent ability differences, it provides stable estimates of the conditional expectation 𝔼[𝑌𝑋 ∣ 𝑃𝑎𝑋, 𝑍 ] required for
back-door adjustment, thereby supporting the subsequent computation of ATEs between KCs.
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Expanded IRIC. By integrating structural likelihood, causal effects, and a model complexity penalty, the final
expanded scoring function of IRIC is defined as:

score𝐼𝑅𝐼𝐶(𝒢 ∶ 𝒟) = 𝑁
𝑛
∑
𝑖=1

(𝐼 ̂𝑃(𝑋𝑖; 𝑃𝑎𝑋𝑖
) + ATE(𝑋𝑖; 𝑃𝑎𝑋𝑖

)) − 𝑁
𝑛
∑
𝑖=1

(𝐻 ̂𝑃(𝑋𝑖) + 𝐻𝑌̂(𝑋̃𝑖)) −
log𝑁
2

𝐷𝑖𝑚[𝒢]. (8)

Although these terms originate from different mathematical formulations, they can all be mapped onto a unified
information-theoretic scale. We align them through deterministic normalization and monotonic transformations
and then combine them additively, thereby avoiding the introduction of tunable trade-off weights. This design
choice is intentional: introducing adjustable weights would weaken the interpretability of IRIC and reduce its
diagnostic value in subsequent analyses. The complete derivation and parameter sensitivity analysis are provided
in Appendix A.1.

3.2 Structural Learning Framework
Existing search strategies for causal discovery, such as greedy heuristics or single-population evolutionary
algorithms, often suffer from premature convergence and limited robustness as graph dimensionality increases. To
overcome these limitations, we propose a novel meta-heuristic algorithm, termed CEO-SS. The core innovation of
CEO-SS lies in its multi-population co-evolution mechanismwith rank-adaptive modification, which is specifically
tailored to improve search quality, robustness, and reliability in causal structure learning for educational data.
Population design. In complex search spaces, maintaining a single global population often leads to the

premature loss of population diversity and an imbalance between global exploration and local exploitation.
Recent studies have shown that dividing the population into multiple functionally complementary subpopulations
and establishing directed information exchange mechanisms can effectively alleviate variable coupling in large-
scale optimization, prevent evolutionary stagnation [76], and improve search efficiency as well as convergence
accuracy in high-dimensional optimization problems [9, 83]. Inspired by these findings, CEO-SS divides the
overall population into three complementary subpopulations to facilitate efficient information transmission
and collaborative search. Specifically, CEO-SS consists of a superior subpopulation (𝑆𝑢𝑝𝑃𝑜𝑝), a developing
subpopulation (𝐷𝑒𝑣𝑃𝑜𝑝), and an eliminated subpopulation (𝐸𝑙𝑖𝑃𝑜𝑝). The 𝑆𝑢𝑝𝑃𝑜𝑝 preserves the best-performing
individuals to strengthen the exploitation of promising regions; the 𝐷𝑒𝑣𝑃𝑜𝑝 adaptively modifies individuals
according to their fitness ranking to maintain population diversity and encourage exploration; and the 𝐸𝑙𝑖𝑃𝑜𝑝
removes poorly performing individuals to improve overall search efficiency. Within 𝐷𝑒𝑣𝑃𝑜𝑝, each individual is
assigned a ranking ratio 𝑅 ∈ [0, 1]. A higher 𝑅 implies fewer modifications to its corresponding graph structure
(𝐺𝑆), enabling refined search in near-optimal regions, whereas a lower 𝑅 allows larger structural modifications to
promote broader exploration of the search space.

To operationalize this ranking-based modification strategy, we introduce a rank-based adaptive mutation
operator for individuals in 𝐷𝑒𝑣𝑃𝑜𝑝. For an individual with decision vector dimension 𝐷, the mutation intensity
is determined by its fitness rank, and the number of mutated dimensions is computed as 𝑚 = ⌊(1 − 𝑅)𝐷⌋. The
algorithm then randomly selects 𝑚 indices from the decision vector and reassigns the corresponding entries to
one of three discrete states: forward connection, reverse connection, or no connection. This operation modifies
the topological states of the selected edges in the candidate graph.

Optimization objective. CEO-SS is a general score-based structural search algorithm whose core objective is
to identify a directed acyclic graph (DAG) that maximizes a structural scoring function 𝑆(𝐴) within the candidate
graph space. Specifically, each candidate structure is represented by its adjacency matrix 𝐴 (or equivalently by
the flattened decision vector 𝐷𝑉 derived from its upper-triangular part Δ𝐴). The fitness of an individual during
the search phase is defined as:

𝐹score(𝐷𝑉 ) = 𝑆(𝐴). (9)
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Accordingly, the structural search problem can be formulated as:

min 𝑙𝑜𝑠𝑠(𝐷𝑉 ) = −𝐹score(𝐷𝑉 ) ⇔ max
𝐴∈𝒢DAG

𝑆(𝐴), (10)

where the structure with the highest score 𝑆(𝐴) is returned as the final output after the search process.
In benchmark settings where expert-annotated structures are available, we additionally compute the F1-score

between candidate structures and the expert-annotated graph as a proxy evaluation metric during the search
phase. This proxy fitness is used to analyze the consistency between the evolving structures and expert priors
throughout the search process, and is defined as:

min 𝑙𝑜𝑠𝑠proxy(𝐷𝑉 ) = 1 − 𝐹proxy(𝐷𝑉 ). (11)

It is important to emphasize that this F1 metric is used solely for benchmark evaluation and behavioral analysis,
and is not employed for final structure selection. In all experimental settings, both the retention of elite candidates
and the final structural output are determined exclusively by the scoring function 𝑆(𝐴).

Encoding and evaluation. Each individual is encoded as a vector of length 𝐸dag =
𝑛(𝑛−1)

2 , where 𝑛 denotes the
number of nodes. The value set is {0, 1, −1}, representing no edge, a directed edge following the indexed direction,
and a directed edge in the opposite direction, respectively. After mutation and crossover, a repair mechanism is
applied to ensure the acyclicity and validity of the graph.

Specifically, the repair mechanism traverses all nodes in the graph using a depth-first search strategy. If a
successor node is found to point back to the starting node of the current traversal path, a cycle is detected. In such
cases, the algorithm deterministically removes the back-edge responsible for forming the cycle. This procedure
strictly guarantees the directed acyclic property of the mutated network structure while preserving the original
topological characteristics as much as possible.

In practical scenarios without expert priors, the fitness of each individual equals the structural score computed
by 𝑆(𝐴), which is then used for ranking, selection, and evolution. In benchmark experiments where expert-
annotated structures are available, we additionally compute the F1-score between the candidate structure and the
expert-annotated graph as a consistency evaluation and comparability metric (i.e., proxy fitness):

𝐹proxy(𝐷𝑉 ) = F1(𝐴,𝐴𝐺𝑇) = 2 ×
Precision(𝐴) ⋅ Recall(𝐴)
Precision(𝐴) + Recall(𝐴)

, (12)

where Precision and Recall are computed by comparing the predicted edges with the expert-annotated ground-
truth edges. It is important to emphasize that, regardless of whether expert-annotated structures are available,
both elite preservation and final structure selection in the algorithm are consistently determined by the scoring
function 𝑆(𝐴).
Control parameters. The co-evolutionary process is regulated by several hyper-parameters. The ambient

pressure 𝐴𝑃 ∈ [0, 1] controls the proportion of 𝑆𝑢𝑝𝑃𝑜𝑝 in the overall population. The maximum number of
function evaluations 𝑚𝑎𝑥𝐹𝐸 defines the stopping criterion, with a counter 𝐹𝐸 incremented at each evaluation
until 𝐹𝐸 ≥ 𝑚𝑎𝑥𝐹𝐸. The population size 𝑃𝑜𝑝𝑆𝑖𝑧𝑒 specifies the number of individuals in each generation. These
parameters jointly balance convergence speed, computational cost, and population diversity. The full pseudocode
of CEO-SS is provided in Appendix Algorithm 1.

In summary, CEO-SS adopts the structural scoring function 𝑆(𝐴) as the core criterion for search and selection.
In scenarios without expert priors, the algorithm performs structure search autonomously and returns the
structure with the highest 𝑆(𝐴). In benchmark experiments where expert-annotated structures are available, we
additionally report the F1-score as a proxy metric for consistency evaluation, enabling comparable comparisons
across different search algorithms without affecting the final structural decision.
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4 Results

4.1 Experimental Settings
This study comprises two experimental segments. The first segment is dedicated to assessing the performance of
the structural search algorithm, highlighting its accuracy, robustness, and convergence behavior in addressing
structural search challenges. The second part focuses on validating the performance of the IRIC method across
both generic datasets and real-world datasets. This aims to demonstrate the effectiveness of IRIC in learning
directionally informative KC structures in educational settings.

4.1.1 Datasets. We evaluated our framework on three types of datasets. First, we used the Alarm datasets [82],
a benchmark suite for the Causal Discovery competition at PCIC 2021 [65]. It comprises three graphs with
18, 24, and 25 nodes (referred to as Alarm18, Alarm24, and Alarm25), each containing several hundred causal
relationships. These datasets provide controlled settings for validating causal discovery algorithms, and we
followed the official configurations without parameter modifications.

Second, we conducted experiments on the publicly available Junyi dataset1, which records over 16 million
exercise attempts from more than 72,000 students on the Junyi Academy platform. Distinct from other educational
datasets such as EdNet2 and ASSISTments3, Junyi includes expert-annotated KC relationships, capturing both
hierarchical and prerequisite structures that are essential for evaluating causal models.

Finally, to assess real-world applicability, we collected a dataset from mathematics courses in 77 classes across
19 primary and 7 middle schools in China. This dataset spans grades 4 to 7 and includes KC annotations with
expert-defined interrelationships, providing a robust testbed for evaluating our approach in authentic educational
contexts.

4.1.2 Baselines. We compared CEO-SS with a wide range of baselines from both causal discovery and meta-
heuristic optimization.
Causal discovery methods. We included nine representative algorithms: PC [56], DirectLiNGAM [55],

ICALiNGAM [55], GES [12], NOTEARS [85], ADM4 [87], MLE-SGL [75], PCMCI [49], and THP [6].
Meta-heuristic algorithms. To verify the effectiveness of CEO-SS against other evolutionary approaches, we

further compared with four recent meta-heuristics: CMMO [38], EESHHO [30], IMODE [50], and ADSAPSO
[36]. In addition, we included two classical baselines—PSO [15] and DE [57]—due to their strong convergence and
generalization performance. IMODE and ADSAPSO represent improved variants of these classical algorithms.
Scoring functions. In the causal structure learning experiments on educational datasets, we compared the

proposed IRIC scoring method with three widely used scoring functions: BIC [52], BDeu [23], and K2 [14].
All scoring methods were evaluated under the same structural search frameworks to ensure fair comparison.
Specifically, the structural search frameworks include the traditional GES [12] and our proposed CEO-SS method.

4.1.3 Implementation Details. All experiments were implemented using the PlatEMO framework [62, 64] and
executed on a server equipped with dual Intel Xeon Gold 6330 CPUs, 512GB RAM, running Ubuntu 22.04. No
GPU acceleration was used. To mitigate randomness, each experiment was repeated nine times with different
random seeds, and the average results are reported. Random seeds were fixed to ensure reproducibility. For
CEO-SS, we set the population size to 100, the maximum number of function evaluations (𝑚𝑎𝑥𝐹𝐸) to 10,000, and
following the recommended settings for the ambient pressure parameter in prior studies [26], AP was set to 0.2 in
our experiments. A higher 𝐴𝑃 retains more outstanding individuals in each iteration but discards more inferior
ones. Unless otherwise specified, all other evolutionary operators (mutation, crossover, and selection strategies)

1https://pslcdatashop.web.cmu.edu/DatasetInfo?datasetId=1198
2https://github.com/riiid/ednet
3https://sites.google.com/site/assistmentsdata/datasets
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Table 1. Structural pattern metrics used for causal discovery methods [42]

Metric Description

Missing edges (ME) Edges present in the expert-referenced structure but missing in the learned graph
Extra edges (EE) Edges present in the learned graph but absent from the expert-referenced structure
Correct adjacencies (AD) Undirected adjacencies shared by the learned graph and the expert-referenced structure
Correct directed edges (CDE) Directed edges in the learned graph with directions consistent with expert annotations
Incorrect directed edges (IDE) Directed edges in the learned graph with directions inconsistent with expert annotations
Total Count (TC) Overall graph evaluation score
Adjacency precision Adj P = AD / (number of predicted adjacencies)
Adjacency recall Adj R = AD / (number of true adjacencies)
Arrowhead precision Arrhd P = CDE / (number of predicted arrowheads, relative to expert-annotated instructional dependencies)
Arrowhead recall Arrhd R = CDE / (number of true arrowheads, relative to expert-annotated instructional dependencies)

followed the default settings in PlatEMO. The algorithm terminated strictly when 𝑚𝑎𝑥𝐹𝐸 was reached, and no
early stopping was applied.

For general benchmark datasets (e.g., Alarm), we consistently adopt the standard BDeu scoring function to
evaluate the general performance of CEO-SS as a structure search algorithm without introducing domain-specific
priors, thereby avoiding confounding effects from differences in scoring functions when comparing search capa-
bilities. For educational datasets, we further report results from cross-combinations of different structure search
algorithms and scoring functions. This experimental design allows the effects of search strategies and scoring
functions to be disentangled and analyzed under the same data and evaluation criteria, enabling simultaneous
assessment of the effectiveness of structure search methods and the additional gains brought by the domain-
sensitive scoring function (IRIC). All comparative methods were executed under identical hardware environments
and data partitioning settings. Hyperparameters were set according to recommendations in the original papers
or default configurations in publicly available implementations, ensuring fairness and reproducibility of the
experimental results.

4.1.4 Evaluation Metrics. In our comparative study on the effectiveness of structural search within general
domain datasets, we utilized the commonly adopted F1-score metric as our primary evaluation criterion. To
evaluate the performance of IRIC in causal structure learning within the educational domain, we adopt a widely
accepted Bayesian network structural evaluation protocol, with minor semantic adaptations to accommodate the
educational context. The specific definitions of the evaluation metrics are summarized in Table 1.

To ensure that the learned knowledge structures possess genuine educational utility, we additionally conducted
an expert-based evaluation to assess the pedagogical usefulness of the inferred structures. Three domain experts
independently reviewed ten local subgraphs (each containing 3—6 KCs) extracted from structures learned using
four different scoring functions. For each evaluation instance, experts were provided with a brief student scenario
describing the learner’s mastery levels on the relevant knowledge concepts, together with four anonymized
candidate graphs presented in randomized order. Experts rated each graph on a five-point Likert scale along three
dimensions: (i) Diagnostic Usefulness (DU), (ii) Remediation Actionability (RA), and (iii) Pedagogical Plausibility
/ Explainability (PE). In addition, experts were asked to select the single most useful graph (Top-1) among the
four candidates.

The specific evaluation questions were as follows:
• DU: Does this structure help trace a student’s learning difficulty to potential prerequisite weaknesses?
• RA: Based on this structure, can you design a reasonable remediation sequence or practice plan?
• PE: Does this structure align with instructional order and knowledge dependency logic, and is it easy to
explain to students?
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Fig. 2. F1-scores for comparison algorithms with causal structure learning methods.

Table 2. Experimental results of meta-heuristic algorithms.

Dataset D loss CEO-SS CMMO ADSAPSO EESHHO IMODE PSO DE

Alarm18 153 Mean 2.33E-01 5.61E-01 [+] 6.13E-01 [+] 4.09E-01 [+] 4.08E-01 [+] 4.86E-01 [+] 4.32E-01 [+]Std. 1.63E-02 2.22E-02 2.27E-02 8.06E-02 6.07E-02 1.27E-02 3.14E-02

Alarm24 276 Mean 3.68E-01 6.26E-01 [+] 6.54E-01 [+] 5.62E-01 [+] 5.89E-01 [+] 5.60E-01 [+] 5.62E-01 [+]Std. 1.32E-02 2.66E-02 3.67E-02 3.99E-02 1.16E-02 3.54E-02 1.67E-02

Alarm25 300 Mean 4.02E-01 6.52E-01 [+] 6.90E-01 [+] 5.55E-01 [+] 6.14E-01 [+] 5.73E-01 [+] 5.49E-01 [+]Std. 7.71E-03 1.06E-02 1.01E-02 8.82E-03 8.15E-04 1.56E-02 3.30E-02

+/-/= - - 3 / 0 / 0 3 / 0 / 0 3 / 0 / 0 3 / 0 / 0 3 / 0 / 0 3 / 0 / 0

• Top-1: Which of the four graphs is the most suitable for diagnosis and remediation during instruction?

4.2 Analysis of Structural Search Algorithm
4.2.1 Comparative Experiments with Causal Structure Learning Methods. Compared to other algorithms [6, 12, 49,
55, 56, 75, 85, 87], as illustrated in Figure 2, the F1-score of CEO-SS consistently outperforms other benchmark
algorithms. Therefore, the results suggest that CEO-SS is a highly competitive approach and achieves statistically
significant improvements over multiple baselines (significance tests are reported in Appendix B.1).

Benefiting from the multi-subpopulation collaborative mechanism, CEO-SS is able to capture complex de-
pendencies among knowledge structures, enabling the accurate identification of graph structures. In contrast,
methods such as ADM4 and GES show less favorable performance as problem size increases within the evaluated
benchmarks, while DirectLiNGAM also struggles with high-dimensional data. Although THP is among the
strongest recent baselines, its heavier computational demands make it less practical under the evaluated settings.
Beyond scalability, CEO-SS benefits from its meta-heuristic strategy, which reframes knowledge structure learning
as a dual optimization problem. This approach eliminates the need for strong assumptions or prior knowledge
structures, offering broader applicability than methods such as PC, which rely heavily on independence as-
sumptions, or PCMCI, which requires extensive parameter tuning. Finally, CEO-SS exhibits notable robustness.
By effectively balancing population diversity and individual superiority, it resists noise more effectively than
NOTEARS and handles sparse graph structures more reliably than MLE-SGL.
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12 • Yuang Wei et al.

Table 3. Ablation study of CEO-SS.

Model Alarm18 (𝐷 = 153) Alarm24 (𝐷 = 276) Alarm25 (𝐷 = 300)

CEO-SS w/o 𝐷𝑒𝑣𝑃𝑜𝑝 2.88E-01 (1.57E-02) 4.18E-01 (8.95E-03) 4.33E-01 (1.47E-02)
CEO-SS w/o 𝐸𝑙𝑖𝑃𝑜𝑝 6.24E-01 (1.46E-02) 6.84E-01 (1.08E-02) 7.03E-01 (1.97E-02)
CEO-SS w/o 𝑆𝑢𝑝𝑃𝑜𝑝 5.66E-01 (1.75E-02) 6.67E-01 (1.28E-02) 6.71E-01 (3.34E-02)

CEO-SS (Full) 2.33E-01 (1.63E-02) 3.68E-01 (1.28E-02) 4.02E-01 (3.34E-02)

Note. “w/o” indicates removing the corresponding subpopulation. 𝐷 denotes the dimensionality of the structural search problem (i.e., the
number of decision variables). Results are reported as mean (standard deviation). The best and second-best results for each dataset are
highlighted in bold and bold-italic, respectively.

4.2.2 Comparative Experiments with Meta-heuristic Algorithms. In the previous section, we experimentally
demonstrated that the proposed algorithm achieves notable advantages over existing causal structure learning
methods. To further evaluate its effectiveness, we now conduct a comprehensive comparison with advanced
meta-heuristic algorithms, focusing on the ability to recover benchmark reference graph structures and the
overall performance achieved. The results of these comparative experiments are reported in Table 2. Specifically,
we present the mean and standard deviation of the 𝑙𝑜𝑠𝑠 obtained by each algorithm. Following common practice,
the symbols [+], [-], and [=] indicate whether the proposed algorithm performs better, worse, or equal to a given
baseline, respectively. From the results, the proposed algorithm consistently achieves the lowest 𝑙𝑜𝑠𝑠 values across
all datasets, indicating that the graph structures identified by CEO-SS exhibit the smallest deviation from the
expert-annotated structures. Furthermore, CEO-SS attains the second-lowest standard deviation in all cases,
suggesting that the distribution of results is relatively concentrated. This concentration contributes to more
convergent outcomes and mitigates the adverse impact of randomness. Although CEO-SS does not always deliver
the strongest convergence among all baselines, its consistently lowest 𝑙𝑜𝑠𝑠 values demonstrate that the algorithm
effectively balances convergence and diversity. We attribute its superior overall performance to this balance.

4.2.3 Ablation experiment. To further validate the effectiveness and necessity of each module in the multi-
subpopulation collaborative mechanism, we conducted an ablation study using the same experimental design as
in the previous subsection. Specifically, three variant versions were constructed by removing each of the three
subpopulations from the full CEO-SS algorithm in turn for comparative analysis. As shown in Table 3, the full
version consistently achieved the lowest mean loss values across all test datasets. This finding strongly confirms
that the three subpopulations each play an indispensable role in the co-evolutionary process, and together they
contribute to the superior performance of the algorithm in optimizing complex network structures.

The results in the table clearly reveal the differentiated impact of each mechanism on the overall performance.
When the 𝐸𝑙𝑖𝑃𝑜𝑝 subpopulation is removed, the algorithm exhibits the most severe performance degradation,
with the highest loss values among all variants across all datasets. This strongly suggests that, in high-dimensional
decision spaces, timely elimination of low-quality individuals is crucial for maintaining overall search efficiency.
Similarly, removing 𝑆𝑢𝑝𝑃𝑜𝑝 also leads to a substantial decline in performance, directly demonstrating the
central role of the elite-preservation mechanism in guiding the population toward stable convergence to optimal
structures. In addition, although the variant without 𝐷𝑒𝑣𝑃𝑜𝑝 achieves the second-best performance, its loss
values remain consistently higher than those of the full algorithm. This further confirms that the rank-based
adaptive mutation mechanism plays an irreplaceable role in maintaining population diversity and preventing the
algorithm from becoming trapped in local optima.

4.2.4 Convergence analysis. As an evolutionary computation method, CEO-SS has previously shown strong
performance in structural search tasks. However, like other stochastic search algorithms, its outcomes may
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Fig. 3. Convergence analysis of the CEO-SS. In this figure, sub-figure (a) shows the obtained evolutionary curves of the
optimal individuals of CEO-SS on three datasets of different sizes. Further, all individuals in the superior sub-populations
obtained by repeating the run 9 times on the three datasets are extracted for further analysis. On this basis, sub-figure (b)
shows the boxplot of the F1-scores of all individuals in the superior sub-populations, and sub-figure (c) shows the results of
the principal component analysis performed on these individuals.

be influenced by randomness. To assess its stability and convergence, we conducted convergence experiments
and plotted all superior individuals obtained from nine repeated runs on the three datasets (see Figure 3). The
results reveal several noteworthy patterns. First, as problem scale decreases, the structural search tasks become
easier and CEO-SS achieves better performance, a trend consistent with other algorithms in Figure 2. As shown
in Figure 3(a), CEO-SS exhibits effective search performance across all datasets. Owing to the game-inspired
co-evolution among sub-populations, no obvious late-stage stagnation is observed in the search process. This
can be attributed to the dynamic interaction between the superior sub-population (𝑆𝑢𝑝𝑃𝑜𝑝) and the developing
sub-population (𝐷𝑒𝑣𝑃𝑜𝑝), which preserves individual superiority while maintaining diversity. In this study,
because directly measuring structural diversity would incur substantial computational overhead, we use fitness
diversity [5] as a practical surrogate for characterizing population diversity.

Second, with increasing task complexity, the fitness diversity within 𝑆𝑢𝑝𝑃𝑜𝑝 grows (Figure 3(b)). This indicates
that CEO-SS adapts by intensifying exploration through 𝐷𝑒𝑣𝑃𝑜𝑝, transferring superior individuals to 𝑆𝑢𝑝𝑃𝑜𝑝,
and promoting fitness diversity across sub-populations. Such adaptive dynamics help the algorithm balance
exploration and exploitation, preventing premature stagnation.

Finally, PCA analysis of all superior individuals from the nine runs (Figure 3(c)) further supports these
findings. The results show that individuals from different datasets are well separated, suggesting that CEO-SS
performs targeted learning based on dataset-specific histories. Moreover, smaller graphs yield more concentrated
distributions, consistent with lower task difficulty. Together, these results demonstrate that CEO-SS achieves
superior convergence and robustness: despite inherent randomness, repeated runs yield consistently well-clustered
F1-scores, underscoring the algorithm’s resilience to stochastic variations.

4.3 Analysis of Network Structure Learning
4.3.1 Comparison Evaluation. In our causal graph structure learning experiments, we applied multiple scoring
functions while consistently using the same structural search algorithm to ensure fair comparison. We first
evaluated three simple reference structures. As shown in Figure 4, each circle denotes a KC, and directed edges
represent prerequisite relations. The accompanying table reports the structure scores assigned by different scoring
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Fig. 4. Learning outcomes for randomly selected simple structures from the Junyi dataset.

Fig. 5. Learning outcomes for randomly selected complex structures from the Junyi dataset.

functions. IRIC-based structural search demonstrated a stronger ability to recover structures consistent with
observed data patterns and expert priors, under ability-adjusted directional signals.

We then extended the evaluation to more complex structures (Figure 5). Here IRIC proved particularly effective
at uncovering plausible directional dependencies not captured by other scoring functions. This advantage can
be attributed to two factors: its use of do-calculus-inspired, ability-adjusted effect estimation, which provides a
more informative directional signal, and its integration of correlation- and causality-based components, which
enhances the identification of directionally plausible dependencies.

Finally, Table 4 summarizes the quantitative comparison results, which comprise three levels of controlled
analyses: (1) Search algorithm comparison: under a fixed scoring function, different search strategies are evaluated
to assess their structural search capabilities under the same scoring criterion; (2) Scoring function comparison:
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Table 4. Comparison of IRIC with other Methods on Junyi and Real—world datasets.

Search methods Scoring functions Junyi Real—world

Adj P Adj R Arrhd P Arrhd R Adj P Adj R Arrhd P Arrhd R

GES

BIC 0.514 0.523 0.162 0.183 0.584 0.461 0.262 0.224
BDeu 0.564 0.550 0.265 0.246 0.643 0.523 0.252 0.212
K2 0.556 0.573 0.232 0.224 0.613 0.497 0.188 0.159
IRIC 0.644 0.756 0.320 0.564 0.742 0.801 0.331 0.462

CEO-SS

BIC 0.539 0.574 0.211 0.244 0.623 0.509 0.319 0.283
BDeu 0.601 0.606 0.321 0.325 0.696 0.578 0.310 0.258
K2 0.598 0.618 0.295 0.313 0.674 0.534 0.232 0.201

IRIC w/o Structural Likelihood 0.648 0.782 0.327 0.592 0.748 0.836 0.333 0.525
IRIC w/o ATE 0.672 0.742 0.338 0.523 0.776 0.804 0.344 0.498
IRIC 0.689 0.811 0.363 0.651 0.802 0.868 0.372 0.553

under a fixed search algorithm, different scoring functions are compared to isolate the effect of the scoring
criterion itself on structure learning performance; and (3) IRIC ablation analysis: under the same search algorithm
(CEO-SS), the full IRIC is further compared with its variants that remove the structural-likelihood term (IRIC
w/o Structural Likelihood) and the causal-effect term (IRIC w/o ATE), in order to validate the independent
contributions of IRIC’s constituent components in practical structure learning.

Overall, IRIC achieves the best performance on both the Junyi benchmark and the real-world datasets, with
particularly strong results in learning adjacency relationships. At the same time, IRIC exhibits certain limitations
in modeling prerequisite directions. Nevertheless, its ability to capture deeper directional dependencies enables it
to recover adjacency relations missed by other methods, albeit sometimes at the cost of producing more complex
graph structures. This trade-off highlights IRIC’s advantage in recovering dependency structures that are more
consistent with expert-referenced relations.

4.3.2 Detailed Analysis. To showcase the capability of IRIC in learning relationships between KCs and to highlight
its advantages and differences compared to other scoring methods, the quantified relationship values between
the basic and composite structures from Fig.4 and Fig.5 are listed in Table 5. In the table, the first row indicates
the adjacency relationships and precedence directions between three nodes, presenting the existence of edges in
the original structure (O-edge) and the quantified relationship values between KCs calculated using different
scoring methods. The scores obtained by each method are compared internally to identify the most significant
node relationships.

The experimental results across four sets of examples lead to three main observations. (i) Higher accuracy.
IRIC consistently preserves a larger proportion of valid edges than other methods. Since the scores within each
method are relative, bold entries indicate preserved edges, and IRIC yields more valid relations overall. (ii)
Sensitivity to weak correlations. By combining mutual information (Mu) with causal effects (Ca), IRIC can
surface expert-annotated links even when the correlation signal is weak. For Set 2, the expert-annotated edge
𝐶→𝐵 is preferred despite modest association (Mu = 0.1817, Ca = 0.3499), score 0.3285) over its reverse 𝐵→𝐶
(score 0.3126; Δ=0.0159), which is missed by two of three baselines (BIC and K2). Likewise in Set 4, IRIC recovers
𝐴→𝐵 with very small correlation(𝑀𝑢=0.0898) thanks to a non-trivial causal-effect component (Ca = 0.3261;
score = 0.3037). (iii) Suppression of spurious correlations. IRIC down-weights directions that exhibit strong
association but relatively weak ability-adjusted directional effect signals. A representative case is Set 2 𝐵→𝐴:
although its association is relatively large (Mu = 0.3254), the causal-effect term is small (Ca = 0.1756), yielding
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Table 5. The calculated results of quantifying relationships between KCs.

Relation A → B B → A A → C C → A B → C C → B

equivalent_fractions_conversion(A), denominator_comparison(B), equivalent_fractions_2(C)

Method O-edge score O-edge score O-edge score O-edge score O-edge score O-edge score

BIC TRUE 0.8449 FALSE 0.8461 FALSE 0.3369 FALSE 0.2679 TRUE 0.7459 FALSE 0.7123
BDeu TRUE 0.8160 FALSE 0.4252 FALSE 0.5530 FALSE 0.3877 TRUE 0.3428 FALSE 0.8458
K2 TRUE 0.7319 FALSE 0.5577 FALSE 0.4191 FALSE 0.2768 TRUE 0.8337 FALSE 0.1751

IRIC Mu:0.5223
Ca:0.5531 0.5515 Mu:0.5667

Ca:0.3616 0.3549 Mu:0.1060
Ca:0.2859 0.2769 Mu:0.0832

Ca:0.3062 0.2950 Mu:0.4133
Ca:0.3986 0.3993 Mu:0.3542

Ca:0.1745 0.1811

angle_bisector_theorem(A), triangle_inequality_theorem(B), triangle_angles_1(C)

Method O-edge score O-edge score O-edge score O-edge score O-edge score O-edge score

BIC FALSE 0.5848 FALSE 0.6026 FALSE 0.5299 TRUE 0.5532 FALSE 0.8598 TRUE 0.5458
BDeu FALSE 0.4498 FALSE 0.7474 FALSE 0.8992 TRUE 0.6903 FALSE 0.1124 TRUE 0.4630
K2 FALSE 0.5918 FALSE 0.8578 FALSE 0.7254 TRUE 0.8137 FALSE 0.4167 TRUE 0.1244

IRIC Mu:0.1625
Ca:0.1788 0.1761 Mu:0.3254

Ca:0.1756 0.1809 Mu:0.1276
Ca:0.4021 0.3691 Mu:0.1668

Ca:0.3807 0.3534 Mu:0.0758
Ca:0.3373 0.3126 Mu:0.1817

Ca:0.3499 0.3285

radius_and_diameter(A), parts_of_circles(B), radius_diameter_and_circumference_1(C)

Method O-edge score O-edge score O-edge score O-edge score O-edge score O-edge score

BIC FALSE 0.5003 FALSE 0.8550 TRUE 0.4026 FALSE 0.3767 TRUE 0.5962 FALSE 0.6898
BDeu FALSE 0.2326 FALSE 0.7901 TRUE 0.6592 FALSE 0.8754 TRUE 0.8071 FALSE 0.2731
K2 FALSE 0.1068 FALSE 0.7769 TRUE 0.5001 FALSE 0.5151 TRUE 0.8647 FALSE 0.4968

IRIC Mu:0.1492
Ca:0.1131 0.1144 Mu:0.1375

Ca:0.0961 0.0978 Mu:0.4231
Ca:0.1228 0.1361 Mu:0.3949

Ca:0.1972 0.2038 Mu:0.2792
Ca:0.3294 0.3157 Mu:0.2874

Ca:0.1743 0.1779

large_angle_long_edge(A), re_graphics(B), area_of_triangular_shapes(C)

Method O-edge score O-edge score O-edge score O-edge score O-edge score O-edge score

BIC TRUE 0.7196 FALSE 0.6505 TRUE 0.0315 FALSE 0.33518 TRUE 0.8498 FALSE 0.6106
BDeu TRUE 0.3994 FALSE 0.7694 TRUE 0.9271 FALSE 0.6479 TRUE 0.3352 FALSE 0.5502
K2 TRUE 0.2293 FALSE 0.8339 TRUE 0.8840 FALSE 0.7537 TRUE 0.6336 FALSE 0.1903

IRIC Mu:0.0898
Ca:0.3261 0.3037 Mu:0.2015

Ca:0.2487 0.2414 Mu:0.1387
Ca:0.2742 0.2610 Mu:0.0481

Ca:0.2288 0.2161 Mu:0.3115
Ca:0.3540 0.3380 Mu:0.0946

Ca:0.3873 0.3553

Note: Mu: mutual information; Ca: causal effect; O-edge: whether the edge exists in the original graph.

a moderate total score (0.1809) compared with the expert-referenced directional relations in the same set (e.g.,
𝐶→𝐴 0.3534 and 𝐶→𝐵 0.3285). In contrast, baselines that do not explicitly separate correlation from causation
rank 𝐵→𝐴 highly (e.g., BIC 0.6026, BDeu 0.7474, K2 0.8578), contradicting the expert-labeled structure.

These case studies suggest that IRIC provides useful directional signals beyond pure association-based scor-
ing. However, consistent with the results in Table4, these gains are stronger for adjacency recovery than for
prerequisite-direction recovery, and therefore should not be interpreted as definitive evidence of pedagogical
prerequisite direction.

4.3.3 Human Evaluation Results. During the expert evaluation, we first conducted a reliability analysis to assess
the consistency of ratings provided by the three educational experts across the three evaluation dimensions. The
results indicate good internal consistency among experts for all three questions, with Cronbach’s 𝛼 coefficients
ranging from 0.76 to 0.78. This suggests that the designed evaluation items reliably capture the latent construct
of the usability of knowledge structures for diagnosis and remediation. Based on this finding, the subsequent
analyses use the average score across the three questions as a composite subjective evaluation metric.
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Table 6. Summary of human evaluation results.

Scoring Function DU RA PE Overall Top-1 Votes

BIC 3.33±1.32 3.30±1.29 3.33±1.32 3.32±1.31 4 (13.3%)
BDeu 2.63±0.85 2.60±0.86 2.53±0.86 2.59±0.84 2 (6.7%)
K2 2.80±1.06 2.80±1.06 2.73±1.01 2.78±1.04 8 (26.7%)
IRIC 3.53±1.17 3.53±1.17 3.47±1.14 3.51±1.15 16 (53.3%)

Scale reliability (Cronbach’s 𝛼) 0.760 0.770 0.783 — —
Note: Values are reported as mean ± standard deviation across all expert ratings. Overall denotes the average score across the three
evaluation dimensions (Diagnostic Usefulness, Remediation Actionability, and Pedagogical Plausibility / Explainability).

Table 6 summarizes the mean and standard deviation of expert ratings for the four scoring functions across the
three evaluation dimensions and their overall average. Overall, the knowledge structures learned by IRIC achieve
higher mean ratings than the baseline methods across all three dimensions, and attain the highest overall score.
This indicates that, compared with scoring functions based purely on statistical assumptions, the educational
semantic constraints introduced by IRIC are more effective in generating knowledge structures that align with
pedagogical reasoning and are easier to apply in learning diagnosis and remediation. It is worth noting that
although BIC achieves mean ratings comparable to IRIC on certain dimensions, its standard deviations are
relatively large, suggesting greater disagreement among experts regarding the usability of its learned structures.
In contrast, IRIC exhibits a more concentrated rating distribution, reflecting better overall stability.

In addition to continuous ratings, experts were also asked to select, for each group of candidate structures,
the single knowledge structure they considered most suitable for student diagnosis and remediation. The results
show that, out of a total of 30 expert selections, IRIC-based structures were chosen as the “best structure” most
frequently, demonstrating a clear advantage over the other methods. Taken together, both the subjective ratings
and the top-structure selection results indicate that knowledge structures generated by IRIC not only receive
higher evaluations on average, but are also more consistently regarded by experts as the most diagnostically and
pedagogically valuable. These findings provide direct expert-based evidence supporting the advantages of IRIC in
personalized learning diagnostic scenarios.

5 Conclusion and Future Work
In this study, we present IRIC, an IRT-grounded and interpretable scoring method for uncovering directional
dependency structures among KCs. By integrating information entropy with causal-effect estimation under
latent ability control and coupling this score with our Co-Evolutionary Optimization for Structural Search, the
framework achieves strong performance across three diverse datasets. The learned KC graphs may support more
reliable cognitive diagnosis, personalized learning path planning, and targeted resource recommendation, thereby
contributing to more transparent adaptive learning pipelines. At the same time, several limitations should be
noted. Although the framework shows clear advantages in adjacency recovery, edge-direction inference remains
more challenging, with residual errors concentrated in near-tie pairs. In addition, because the current method
is learned from observational response logs, inferred directions should be interpreted cautiously, especially in
educational settings where expert-annotated KC graphs are better viewed as pedagogical reference structures
rather than uniquely identifiable causal ground truth. Evidence for computational efficiency and scalability also
remains limited to benchmark settings with relatively small Alarm graphs and does not yet include direct runtime
or memory comparisons. Future work will therefore focus on strengthening directionality through global ordering
and acyclicity priors as well as interventional proxies, improving robustness under noisy or incomplete logs,
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validating the educational utility of learned KC graphs in authentic adaptive learning scenarios, and developing
more actionable, human-centered explanations for teachers and students.
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A Method Details

A.1 Derivation of the IRIC Criterion
Notation. Let 𝒢 be a candidate graph (DAG) over 𝑛 KCs {𝑋1, … , 𝑋𝑛} and 𝒟 be a dataset of size 𝑁. For 𝑋𝑖 with
parents 𝑃𝑎𝒢

𝑋𝑖
, denote realizations by 𝑥𝑖 and 𝑢𝑖 for 𝑋𝑖 and 𝑈𝑖≡𝑃𝑎𝒢

𝑋𝑖
, respectively. Let 𝑀[⋅] be empirical counts and

̂𝑃 the empirical distribution.
Conventions. All logarithms are natural (units in nats). For any set of discrete variables 𝑉, 𝑉 𝑎𝑙(𝑉 ) denotes the
Cartesian product of their value sets. We write 𝑃𝑎𝒢

𝑋𝑖
for the parent set of 𝑋𝑖 under 𝒢 and abbreviate it as 𝑃𝑎𝑋𝑖

when
unambiguous. The logistic function is 𝜎(𝑧) = 1/(1+𝑒−𝑧). The clipping operator is clip(𝑧, 𝑎, 𝑏) = min{max{𝑧, 𝑎}, 𝑏}.
Unless otherwise stated, empirical probabilities ̂𝑃 are estimated with Dirichlet (Laplace) smoothing to avoid zeros
in MI/entropy estimators.
IRIC definition.

score𝐼𝑅𝐼𝐶(𝒢 ∶ 𝒟) = ℓ( ̂𝜃𝒢 ∶ 𝒟) + ATE(edge𝒢) −
log𝑁
2

𝐷𝑖𝑚[𝒢] (13)

Local conditional likelihood.

ℓ( ̂𝜃𝒢 ∶ 𝒟) =
𝑛
∑
𝑖=1

[ ∑
𝑢𝑖∈𝑉𝑎𝑙(𝑃𝑎

𝒢
𝑋𝑖
)

∑
𝑥𝑖

𝑀[𝑥𝑖, 𝑢𝑖] log ̂𝜃𝑥𝑖|𝑢𝑖] (14)

where ̂𝜃𝑥𝑖∣𝑢𝑖 =
̂𝑃(𝑥𝑖 ∣ 𝑢𝑖) and 𝑀[𝑥𝑖, 𝑢𝑖] = 𝑁 ̂𝑃(𝑥𝑖, 𝑢𝑖), with ̂𝑃 computed under a Dirichlet prior (add-one smoothing)

to ensure nonzero support.

∑
𝑢𝑖∈𝑉𝑎𝑙(𝑃𝑎

𝒢
𝑋𝑖
)

∑
𝑥𝑖

𝑀[𝑥𝑖, 𝑢𝑖] log ̂𝜃𝑥𝑖|𝑢𝑖 →
1
𝑁
∑
𝑢𝑖

∑
𝑥𝑖

𝑀[𝑥𝑖, 𝑢𝑖] log ̂𝜃𝑥𝑖|𝑢𝑖 (15)

Let ̂𝑃 be the empirical distribution where 𝑀[𝑥, 𝑦] = 𝑁 ⋅ ̂𝑃(𝑥, 𝑦) and ̂𝜃𝑥𝑖∣𝑢𝑖 =
̂𝑃(𝑥𝑖 ∣ 𝑢𝑖). Then

1
𝑁
∑
𝑢𝑖

∑
𝑥𝑖

𝑀[𝑥𝑖, 𝑢𝑖] log ̂𝜃𝑥𝑖|𝑢𝑖 (16)

= ∑
𝑢𝑖

∑
𝑥𝑖

̂𝑃 (𝑥𝑖, 𝑢𝑖) log ̂𝑃 (𝑥𝑖|𝑢𝑖) (17)

= ∑
𝑢𝑖

∑
𝑥𝑖

̂𝑃 (𝑥𝑖, 𝑢𝑖) log (
̂𝑃(𝑥𝑖, 𝑢𝑖) ̂𝑃(𝑥𝑖)
̂𝑃(𝑢𝑖) ̂𝑃(𝑥𝑖)

) (18)

= ∑
𝑢𝑖

∑
𝑥𝑖

̂𝑃 (𝑥𝑖, 𝑢𝑖) log
̂𝑃 (𝑥𝑖, 𝑢𝑖)
̂𝑃(𝑢𝑖) ̂𝑃(𝑥𝑖)

+∑
𝑥𝑖

(∑
𝑢𝑖

̂𝑃 (𝑥𝑖, 𝑢𝑖)) log ̂𝑃 (𝑥𝑖) (19)

= 𝐼 ̂𝑃(𝑋𝑖; 𝑈𝑖) −∑
𝑥𝑖

̂𝑃 (𝑥𝑖) log
1
̂𝑃(𝑥𝑖)

(20)

= 𝐼 ̂𝑃(𝑋𝑖; 𝑈𝑖) − 𝐻 ̂𝑃(𝑋𝑖) (21)

If 𝑃𝑎𝑋𝑖
= ∅, then 𝐼 ̂𝑃(𝑋𝑖; 𝑃𝑎𝑋𝑖

) = 0. Using (21), the local conditional likelihood ℓ( ̂𝜃𝒢 ∶ 𝒟) can be rewritten as
𝑁 ∑𝑖(𝐼 ̂𝑃(𝑋𝑖; 𝑃𝑎𝑋𝑖

) − 𝐻 ̂𝑃(𝑋𝑖)). We further include the IRT-driven latent entropy 𝐻𝑌̂(𝑋𝑖) to capture predictive
uncertainty in responses, yielding the expanded IRIC below.
Expanded IRIC.
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score𝐼𝑅𝐼𝐶(𝒢 ∶ 𝒟) = 𝑁
𝑛
∑
𝑖=1

(𝐼 ̂𝑃(𝑋𝑖; 𝑃𝑎𝑋𝑖
) + ATE(𝑋𝑖; 𝑃𝑎𝑋𝑖

))

− 𝑁
𝑛
∑
𝑖=1

(𝐻 ̂𝑃(𝑋𝑖) + 𝐻𝑌̂(𝑋̃𝑖)) −
log𝑁
2

𝐷𝑖𝑚[𝒢]
(22)

where 𝐼 ̂𝑃(𝑋𝑖; 𝑃𝑎𝑋𝑖
) is mutual information under the empirical pmf ̂𝑃, 𝐻 ̂𝑃(𝑋𝑖) is the Shannon entropy of 𝑋𝑖 under

̂𝑃, and 𝐻𝑌̂(𝑋𝑖) is the Bernoulli entropy computed from IRT-predicted correctness 𝑌̂ (defined below). 𝑃𝑎𝑋𝑖
denotes

the parent set of 𝑋𝑖, and 𝐷𝑖𝑚[𝒢] is the number of free parameters implied by 𝒢. The dataset size is 𝑁.
All components are mapped to a common information-theoretic scale:

Association and observation entropies. Let ̂𝑃 be the empirical distribution estimated from 𝒟. We compute

𝐼 ̂𝑃(𝑋𝑖; 𝑃𝑎𝑋𝑖
) = ∑𝑥𝑖,𝑝𝑖

̂𝑃 (𝑥𝑖, 𝑝𝑖) log
̂𝑃 (𝑥𝑖,𝑝𝑖)

̂𝑃(𝑥𝑖) ̂𝑃(𝑝𝑖)
, 𝐻 ̂𝑃(𝑋𝑖) = −∑𝑥𝑖

̂𝑃 (𝑥𝑖) log ̂𝑃 (𝑥𝑖), and aggregate them with a factor 𝑁
so that the terms are 𝒪(𝑁 ). Multiplying by 𝑁 aligns the order of magnitude with sample-aggregated information,
so that all additive terms scale consistently with dataset size.
IRT-driven latent entropy. For each response (student 𝑠, item 𝑖), the 2PL IRT gives 𝑌̂𝑠𝑖 = 𝜎(𝐷 𝑎𝑖(𝜗𝑠 − 𝑏𝑖)) with
𝐷=1.702. We define the Bernoulli entropy and average across observed responses:

𝐻𝑌̂(𝑋𝑖) = − ∑
𝑥𝑖∈𝑋𝑖

̂𝑃 (𝑥𝑖)
1
𝑁𝑥𝑖

∑
𝑠∈𝒮𝑥𝑖

ℎ(𝑌̂𝑠 𝑥𝑖), (23)

ℎ(𝑥) = −𝑥 log 𝑥 − (1 − 𝑥) log(1 − 𝑥), (24)

where 𝒮𝑖 is the set of students who attempted item 𝑖 and 𝑁𝑥𝑖=|𝒮𝑖|.
Causal-effect term and normalization. We estimate an ATE-like effect for node 𝑋𝑖 given its current parent set
𝑃𝑎𝑋𝑖

via back-door adjustment (Sec. 3.1), obtaining a risk difference ATE𝑖 ∈ [−1, 1]. To place it on an information
scale and avoid introducing extra hyper-parameters, we use a symmetric logit mapping with clipping:

𝑎̃𝑖 = clip(
ATE𝑖 + 1

2
, 𝛿, 1 − 𝛿) , CE𝑖 = log

𝑎̃𝑖
1 − 𝑎̃𝑖

, (25)

Here, CE𝑖 denotes the causal effect score of node 𝑋𝑖 given its parent set 𝑃𝑎𝑋𝑖
. This score is obtained by applying

probabilistic normalization and a logit mapping to the ATE, and is used to characterize directional causal influence
on an information-theoretic scale. The parameter 𝛿 is set to a small value (e.g., 10−6) to prevent divergence near
the boundaries. Let 𝑚 = min𝑗 CE𝑗 and𝑀 = max𝑗 CE𝑗. If 𝑀 > 𝑚, we normalize CE𝑖 as CE𝑖 ← (CE𝑖 −𝑚)/(𝑀 −𝑚);
otherwise, all CE𝑖 are set to 0. Finally, we aggregate 𝑁 ∑𝑖 CE𝑖 so that its magnitude is comparable to that of the
association and entropy terms.

Table 7. Sensitivity analysis of the parameter 𝛿 in IRIC

𝛿 10−12 10−9 10−6 10−4 10−3

Number of edges 12 12 12 12 12
Δ𝐸 (relative to 𝛿 = 10−6) 0 0 0 0 0

Sensitivity analysis on 𝛿 shows that varying 𝛿 across several orders of magnitude does not change the causal
structure selected by IRIC under the same structural search procedure, compared with the structure obtained

ACM Trans. Intell. Syst. Technol.

 



24 • Yuang Wei et al.

when 𝛿 = 10−6. As shown in Table 7, Δ𝐸 denotes the number of edge differences between the structure obtained
with the current 𝛿 and the structure obtained when 𝛿 = 10−6.
Complexity penalty. We adopt the standard log𝑁

2 𝐷𝑖𝑚[𝒢] form as in BIC to penalize model size.

A.2 CEO-SS Algorithm
The complete procedure of CEO-SS is summarized in Algorithm 1.

Algorithm 1 Co-Evolutionary Optimization for Structural Search
Require: The ambient pressure 𝐴𝑃, the 𝑃𝑜𝑝𝑆𝑖𝑧𝑒 and the 𝑚𝑎𝑥𝐹𝐸 of the population.
Ensure: The obtained best Graph Structure 𝐺𝑆𝑏𝑒𝑠𝑡.
1: Initialization: 𝐹𝐸 ← 0;
2: Randomly initialize the population 𝑃𝑜𝑝;
3: 𝑃𝑜𝑝.Evaluate() // Compute the fitness of each individual in the initial population.
4: 𝐹𝐸 ← 𝐹𝐸 + 𝑃𝑜𝑝𝑆𝑖𝑧𝑒;
5: 𝐸𝑑𝑎𝑔𝑁𝑢𝑚 ← (𝑃𝑜𝑖𝑛𝑡𝑁𝑢𝑚 ⋅ (𝑃𝑜𝑖𝑛𝑡𝑁 𝑢𝑚 − 1))/2;
6: while 𝐹𝐸 ≤ 𝑚𝑎𝑥𝐹𝐸 do
7: 𝑃𝑜𝑝.Sort() // Sort all individuals in the population from best to worst.
8: 𝑆𝑢𝑝𝑃𝑜𝑝 ← 𝑃𝑜𝑝[1 ∶ ⌊𝐴𝑃 ⋅ 𝑃𝑜𝑝𝑆𝑖𝑧𝑒⌋] // Get sub-populations.
9: 𝐷𝑒𝑣𝑃𝑜𝑝 ← 𝑃𝑜𝑝[1 ∶ 𝑃𝑜𝑝𝑆𝑖𝑧𝑒 − ⌊𝐴𝑃 ⋅ 𝑃𝑜𝑝𝑆𝑖𝑧𝑒⌋];

10: 𝐸𝑙𝑖𝑃𝑜𝑝 ← 𝑃𝑜𝑝 ∖ 𝐷𝑒𝑣𝑃𝑜𝑝;
11: for 𝑖 = 1 to len(𝐷𝑒𝑣𝑃𝑜𝑝) do
12: Calculate ranking ratio 𝑅 of 𝐷𝑒𝑣𝑃𝑜𝑝(𝑖) in 𝐷𝑒𝑣𝑃𝑜𝑝;
13: Randomly select ⌊𝑅 ⋅ 𝐸𝑑𝑎𝑔𝑁𝑢𝑚⌋ pairs of nodes in 𝐷𝑒𝑣𝑃𝑜𝑝(𝑖) to mutate;
14: 𝐷𝑒𝑣𝑃𝑜𝑝(𝑖).Repair();
15: end for
16: 𝐷𝑒𝑣𝑃𝑜𝑝.Evaluate(); // Compute the fitness of individuals in the growing sub-population.
17: 𝐹𝐸 ← 𝐹𝐸 + len(𝐷𝑒𝑣𝑃𝑜𝑝);
18: 𝐸𝑙𝑖𝑃𝑜𝑝.Delete();
19: 𝑃𝑜𝑝 ← 𝑆𝑢𝑝𝑃𝑜𝑝 ∪ 𝐷𝑒𝑣𝑃𝑜𝑝 // Offspring for next iteration.
20: end while
21: 𝑃𝑜𝑝.Sort();
22: 𝐼𝑏𝑒𝑠𝑡 ← 𝑃𝑜𝑝.Best() // Return the best individual.
23: 𝐺𝑆𝑏𝑒𝑠𝑡 ← 𝐼𝑏𝑒𝑠𝑡.Decode();

To further verify the significant advantage of the CEO-SS algorithm in avoiding evolutionary stagnation, we
conducted an intuitive horizontal comparison between the evolutionary curves of our method and those of the
three best-performing baseline algorithms—DE, PSO, and IMODE—which each achieved the second-best result
on one of the three adopted sub-datasets. From the comparative evolution curves, it can be clearly observed that
the baseline algorithms exhibit typical premature convergence and local stagnation phenomena. Specifically, the
PSO algorithm stops achieving substantive fitness improvements at an early stage of evolution and falls into
a prolonged plateau across all datasets. In addition, although the DE and IMODE algorithms do not stagnate
as early or as completely as PSO, their evolutionary trajectories still present clear step-like plateau periods. In
contrast, throughout the entire cycle of 10,000 function evaluations, the F1 score of CEO-SS maintains a stable
and continuous upward trend across all three datasets of different scales. This intuitive comparison strongly
demonstrates that, through its multi-subpopulation collaborative mechanism, CEO-SS successfully and efficiently
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Fig. 6. Convergence analysis of baseline algorithms. (a), (b), and (c) present the evolutionary curves (EC) of the proposed
CEO-SS and baseline methods on the Alarm18, Alarm24, and Alarm25 datasets, respectively.

(a) (b)

Fig. 7. Friedman test results. (a) Comparison of causal structure learning methods based on F1-scores across all datasets. (b)
Comparison of meta-heuristic algorithms based on the fitness of optimal individuals across datasets. In both subfigures, CD
denotes the critical difference, and a smaller rank indicates better performance.

maintains exploration momentum within the search space, thereby enabling continuous optimization of the
global network structure.

B Supplementary Experiments

B.1 Friedman Tests for Statistical Significance
To complement the empirical comparisons in the main text, we conducted Friedman tests to assess whether the
observed performance differences across datasets were statistically significant.
Comparison with causal structure learning methods. Based on the F1-scores of all causal structure

learning methods (Figure 7a), CEO-SS achieved the best average rank, followed by THP. Apart from these two
methods, no statistically significant differences were found among the remaining baselines. These results further
support the consistent advantage of CEO-SS over existing causal structure learning approaches.

Comparison with meta-heuristic algorithms. We further applied the Friedman test to the meta-heuristic
baselines (Figure 7b). CEO-SS again ranked first, confirming its overall superiority. Among the remaining methods,
DE showed the strongest performance and was not significantly different from EESHHO, PSO, IMODE, or CMMO
at the 0.05 level. In contrast, CEO-SS significantly outperformed ADSAPSO, CMMO, and IMODE. Although
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IMODE showed smaller variance and faster convergence on some datasets, CEO-SS achieved a better balance
between convergence and fitness diversity.
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